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1 Introduction 
The polynomial representations of various functions on finite fields are important components in modern information 
science. The discrete logarithm, discrete exponentiation, and nth root functions are of significant interest in the design of 
cryptographic protocols. For example, the computations of the square root modulo a prime of the form p = 2r − 2s + 1 is a 
step in the standard elliptic curve cryptographic protocol. 
 
A polynomial f(x) ∈ Fp[x] is called a polynomial representation of the square root function mod p if it satisfies the equation 
pxfx mod)(±≡  whenever x is a quadratic residue. 
 
Polynomial interpolation is the main tool used to construct polynomial representations of functions on finite fields. This is 
a time tested method and works in every case. Polynomial interpolation is used in [1] to prove the existence of polynomial 
representations f(x) of the square root function of degree deg(f) ≤ (p − 3)/2 and length (the number of nonzero terms) at 
most 2k−1. A few specific polynomial representations are also given. 
 
In this note a different method will be utilized to generate specific polynomial representations of the square root function 
mod p. The result also improves the degree estimate. The first few of these polynomials are also computed. 
 
 
2 Groundwork 
A root of the equation x2 − a ≡ 0 mod p, a(p−1)/2 ≡ 1 mod p, is determined by a series of approximations. The number of 
iterations in the algorithm used is mostly a function of the 2-adic valuation v2(p − 1) = k. Extensive details on these 
algorithms are available in [2] to [8] and other sources. 
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Lemma 1  Let a and z be quadratic residue and quadratic nonresidue mod p = 2kn + 1, n odd, respectively. Then the 
sequence of integers 
           1...,,,, 21
2
12
2
010
10
=====
−−−
+
imkmkmk n
ii
nnn zzza ωωωωωωω ,                                  (1) 
 
where kmord i
m
ip
i <= ,2ω , decrease to 1.  
 
This is due to the fact that the sequence of orders ordp(ωi) of the ωi is a decreasing sequence of integers: 
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A proof and background details appear in [5]. 
 
Theorem 2.   )222(2/)1(
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Proof: The sequence of approximations by square elements 
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Definition 3.   Let p = 2kn + 1 be prime, n odd, and let z be a quadratic nonresidue modulo p. A multiplier set for the 
square root mod p is defined by }...,,,,,1{ )12(32 1 nnnnk
k
zzzzM −
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The square root of any square a ∈ Fp is of the form 2/)1( +±= naa µ , where µ ∈ Μk is a unique multiplier. The sequence an, 
a
2n
, a
3n
, a
4n
, a
5n
, … generated by an arbitrary quadratic residue a contains information about the form of the square root of 
a. The smallest multiplier µ = 1 occurs whenever the quadratic residue generates the shortest sequence an = 1. And the 
largest multiplier µ = nkz )12( 1 −− 2k−1 − 1 occurs whenever the quadratic residue generates the longest possible sequence 
1,1,...,,,,
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Theorem 4.   Let p = 2kn + 1 be prime, and let a be a quadratic residue modulo p, then there exists a unique integer m, 0 ≤ 
m < 2k−2, such that 
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Since the shortest sequence an = 1 occurs if and only if the order ordp(a) = odd, the probability that a quadratic residue has 
odd order is 1 / 2k−1. Thus for k ≥ 8, less than 1% of the squares a ∈ Fp have square roots of the form 2/)1( +±= naa . 
 
Corollary 5.  As n → ∞, k fixed, almost (in the sense of natural density) every quadratic residue has a square root of the 
form pzaa mnn mod22/)1( +±≡ , where m < 2k−2.  
 
Proof: The exponent e of the multiplier zen is odd if and only if the quadratic residue a has order ordp(a) = 2k−1. But the 
probability that ordp(a) = 2k−1 is 2k−2 / 2k−1n = 1/2n.                                                                                                           
 
 
3 Polynomial Representations of the Square Roots 
Any function f(x) on a finite field Fq has a polynomial representation f(x) = adxd + ad−1xd−1 + ⋅⋅⋅ + a1x + a0 ∈ Fp[x] of degree 
deg(f) = d ≤ q − 2. As stated before the polynomial representation f(x) ∈ Fp[x] of the square root mod p satisfies the 
equation pxfx mod)(±≡ , where x a quadratic residue. 
 
Theorem 6.   There is a polynomial representation fk(x) ∈ Fp[x] of the square root function of degree deg(fk) = 2k−1n − (n − 
1)/2, and 2k−1 terms. Moreover it has the form 
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The polynomial fk(x) is computed by considering all the possible sequences an, a2n, a3n, a4n, a5n, … generated by an 
arbitrary quadratic residue a modulo p and the sequence given in (1). Each combination of the sequence is then mapped to 
a unique term 
 
)1()1)(1( 154321 nanananananana kk zxzxzxz −±±± L ,                                                     (7) 
 
where 0 ≤ ai < 2k−1. For example, the first term z7n(1 − x4n)(1 − x2nz4n)(1 − xnz6n) in the polynomial f4(x) for the primes p = 
24n + 1 corresponds to the maximal sequence an, a2n, a3n, a4n, a5n, … −1, 1, and the last term (1 + x4n)(1 + x2n)(1 + xn) 
corresponds to the minimal sequence an = 1.  
 
The first few of these polynomials are given below. The first two formulae are well known, but the next two are new. 
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where p = 23n + 1, and z is a quadratic nonresidue modulo p. 
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where p = 24n + 1, and z is a quadratic nonresidue modulo p. 
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